Abstract. Let Q be a Buchsteiner loop. We describe the associator calculus in three variables, and show that |Q| ≥ 32 if Q is not conjugacy closed. We also show that |Q| ≥ 64 if there exists x ∈ Q such that x 2 is not in the nucleus of Q. Furthermore, we describe a general construction that yields all proper Buchsteiner loops of order 32. Finally, we produce a Buchsteiner loop of order 128 that is nilpotency class 3 and possesses an abelian inner mapping group.
Buchsteiner loops are those loops that satisfy the Buchsteiner law x\(xy · z) = (y · zx)/x.
Their study was initiated by Hans Hoenig Buchsteiner [2] . His paper left many problems open, some of which were recently solved [8] . In particular we know now that the nucleus N = N (Q) is a normal subloop of every Buchsteiner loop Q and that Q/N is an abelian group of exponent four.
Buchsteiner loops are closely connected to conjugacy closed loops (CC loops). A CC loop is conjugacy closed if and only if Q/N is a boolean group (i.e. a group of exponent two), by [9] . Not every Buchsteiner loop with Q/N boolean needs to be conjugacy closed (there are plenty of examples now. Some of them appear in this paper, and many other can be derived from the ring construction of [7] .)
In every Buchsteiner loop Q the mappings L
−1
xy L x L y and R
yx R x R y are automorphisms of Q, by [8] , and this fact effects the behaviour of the associators [x, y, z] = (x · yz)\(xy · z). The group Q/A(Q) acts upon N = N (Q) (that always holds when Q/N is a group since then A(Q) ≤ Z(N (Q)), by [10] . Here A(Q) denotes the least normal subloop A ¢ Q such that Q/A is a group. If Q/N is a group, then A(Q) coincides with the subgroup generated by all associators [x, y, z], by [11] ). By translating the automorphism behaviour of L −1 xy L x L y into relations between associators we get that [x, y, uv] = [x, y, u] v [x, y, v] for all x, y, u, v ∈ Q. Note that n v is defined as v\(nv), for all v ∈ Q and n ∈ N . If Q is a loop such that Q/N is a group, then one can code the Buchsteiner identity as [x, y, z] x = [y, z, x] −1 for all x, y, z ∈ Q.
The cyclic shift expressed by this action implies that in every Buchsteiner loop we have for all x, y, u, v ∈ Q. If Q/N is a group, then an associator [x, y, z] depends only upon the ordered triple (xN, yN, zN ), by [10] . If Q is a Buchsteiner loop, then Q/N is an abelian group, and so we have [ u . Similar relations clearly hold for the other two positions too. All the facts above are exposed in [8] in detail, and we shall use them freely in this paper.
In Section 1 we shall develop the associator calculus in three variations, building upon the identities that were established in [8] . Sections 2-4 are mainly concerned with the proof that proper Buchsteiner loops are of order at least 32 (by a proper Buchsteiner loop we understand a Buchsteiner loop that is not conjugacy closed).
Buchsteiner loops Q such that Q/N is not boolean are necessarily proper, and for them we show that |Q| ≥ 64. In Section 4 we will observe that nilpotent proper Buchsteiner loops have to be of nilpotency class at least 3, a result that appears also in [7] .
In Section 6 we will show that a proper Buchsteiner loop of order 32 really exists, and that all such loops can be obtained by a general construction that doubles the size of a loop. This construction is described in Section 5. The starting loop must be a Buchsteiner loop, but not necessarilly a proper one.
In a loop Q it is usual to denote by L x the left translation y → xy, and by R x the right translation y → yx. The permutation group generated by all L x and R x is known as the multiplication group, and the stabilizer of the unit is called the inner mapping group; we denote it by Inn Q. It is well known that Inn Q is generated by all mappings L(x, y) = L x L x . If Q is of nilpotency class two, then the inner mapping group is abelian, a result that goes back to Bruck [1] . The converse is not true, but the examples are not easy to find. Up to now there has been published only one example, by Csörgő [5] . Her example has 128 elements, was constructed indirectly by means of group transversals (see also [4] ), and does not belong to any of known specific loop classes. In Sections 7 and 8 we construct a proper Buchsteiner loop Q of order 128 with Inn Q abelian. This loop is different from the construction of [5] , and is necessarily of nilpotency class three since the Buchsteiner loops of nilpotency class two are conjugacy closed. Section 7 is concerned with general properties of Buchsteiner loops that have abelian inner mapping groups, and Section 8 contains the construction. Note that (left) conjugacy closed loops with abelian inner mapping groups are always of nilpotency class at most two, by [3] . . This identity comes from [8] , where many further similar calculations have been performed. The next two lemmas give a selection of them. 
Associator identities
Proof. Each of s x , s y and s z is of exponent two, and [z, x, y]
, by Lemma 1.1. From points (iii) and (iv) of Lemma 1.2 we can compute
, y] = s x , and the identities u y u = s y and u z u = s z can be proved similarly. Points (i) and (iv) of Lemma 1.
We shall now prove some further facts that involve only two variables. Most of the equalities can be found in [8] , but we shall prove them here, in order to keep the interface with [8] limited. (There are usually many ways how one can obtain an identity. Proposition 1.3 can be always used when an associator is conjugated by a composition of its arguments. So we can also get [x, y, z] xy as (u 
, and the equalities u y = u −1 and u x = v −1 follow from Proposition 1.3. By Lemma 1.1, u 2 = v 2 (and so uv −1 = vu −1 ), and both of u and v are centralized by both of x 2 and y 2 . Thus u
P
More results can be obtained by arguments similar to the one we used when computing [x, x, x] y : Lemma 1.5. Let Q be a Buchsteiner loop with elements x, y and z. Then: 
, by points (ii) and (iii) of Lemma 1.
To make complete our understanding of the associator calculus in three variables we need to establish the relationship of associators [x, y, z] and [y, x, z]. Proposition 1.6. Let Q be a Buchsteiner loop with elements x, y and z. Then
Denote this element by a, and put
and
Proof. We shall again use the equality [x, y, z] xy = [z, x, y]. We obtain:
By comparing the right hand sides we get
where the latter equality is an instance of the former one. Denote this element by a, as in the text of the proposition. Note that we have proved that the leftmost term and the rightmost term coincide in all three last equalities of the proposition. As we have already hinted in the introduction, Buchsteiner loops are closely connected to conjugacy closedness. By [11] , a loop Q is conjugacy closed if and only if Q/N is an abelian group and all associators are invariant under every permutation of their arguments. If we assume that Q/N is a boolean group, then the condition for Buchsteiner identity is a natural weakening of the condition for the conjugacy closedness. Indeed, if Q/N is a boolean group, then Q is a Buchsteiner loop if and only if [x, y, z] = [y, z, x] for all x, y, z ∈ Q, i. e. if the associators are invariant under the cyclic shifts, by [7] (see also Lemma 4.6).
By [6] , if Q is a Buchsteiner loop, then Q/Z(Q) is a conjugacy closed loop. for all x, y, z, u ∈ G, and that N/A can be identified with a subgroup H ≤ G in such a way that [−, −, −] depends only upon classes modulo H, and G/H is an abelian group of exponent four.
The associator calculus developed in [8] (which is an earlier paper than [6] ) can be formulated within such a theory, and this is also true for results of Section 1. The main results of this paper are independent of Proposition 2.1 since for them it suffices to know the statement only for 3-generated groups.
For a commutative group G denote by O(G) the subgroup consisting of all elements of an odd order. If a loop Q contains a normal subloop H which is a group, then every characteristic subgroup of H is clearly also a normal subloop of Q. In particular, if A(Q) is abelian, then O(A(Q)) ¢ Q.
We have already mentioned that if a loop Q is modulo the nucleus an abelian group, then it is conjugacy closed if 
, by Proposition 1.6, and so our assumption implies the existence of x, y, z ∈ Q such that a = 1. But then a is an involution, again by Proposition 1.6, and hence a / ∈ O(A(Q)). P
for all x, y, z ∈ X, then Q is a conjugacy closed loop.
Proof. We need to prove [t 2 , t 1 ,
Since Q is assumed to be a Buchsteiner loop, it suffices to prove only the latter identity. Indeed,
The elements t i ∈ Q can be regarded as terms in an abelian group of exponent 4, for which X is a set of generators. Each t i has thus a length |t i | ≤ 3|X|, and we can proceed by induction along s = |t i |. The case s = 3 is a consequence of our starting assumption. Let us have s ≥ 4. Then one of t i , say t 2 is of the form uv. Using the induction assumption we get 
Proof. 
, by Lemmas 1.1 and 1.4, and there must be y 2 ∈ N , by the assumption of the unique square of Q/N . Therefore it suffices to find y ∈ Q with [x 2 , x, y] = 1. The element x 2 does not belong to N , and hence [x 2 , y, z] = 1 for some y, z ∈ Q. However, that means that at least one of y 2 and z 2 does not belong to N , by Lemma 3.1. We can assume 
It remains to consider the case when u is an involution. In such a case u y = u. The element a is central, by Lemma 1.1, and so to show |A(Q)| > 4 it suffices to find s ∈ A(Q) with s
, which equals sa since both [x, x, y] and [x, y, x] are assumed to be involutions. P
The above proof can be seen as a starting point for constructing Buchsteiner loops of order 64 that are not boolean modulo the nucleus. As we prove below, 64 is the least order for such a loop. An example was constructed in [8] , and one can hope that all such loops of 64 will be classified in future. The overlap of Proposition 3.3 and the ensuing Lemma 3.4 should be understood as justified by this intention. 
Proof. Since Q/N is not boolean, there must exist elements x, y, z ∈ Q that satisfy the hypothesis of Lemma 3.4. Hence |A(Q)| ≥ 8, and so Q/N has to be generated by at most two elements if |Q| ≤ 64. In such a case we can assume that Q is generated by two elements, by Corollary 2.5, and we can also assume that 
The proof is not difficult, and can be found, e. g., in [8] . 
Proof. This follows directly from Lemma 1. Proof. Throughout the proof we shall be assuming that Q is not conjugacy closed. 
The doubling construction
The purpose of this section is to describe a construction based upon a Buchsteiner loop Q that produces a Buchsteiner loop P that contains the loop Q as a subloop of index two. It may happen that Q is a CC loop, while P is not, and in the next section we shall see that all proper Buchsteiner loops of order 32 can be obtained in this way.
Proposition 5.1. Let P be a Buchsteiner loop a with a normal subloop Q, where |P : Q| = 2. Let z ∈ P \ Q be an element such that d = z 2 ∈ N (P ) and such that q(u) = [z, u] belongs to Z(Q) and is of exponent two for all u ∈ Q. Then:
Proof. We assume [z, u] 2 = 1, and hence For point (ii) it suffices to note that [z, 
For the next few statements we shall assume that P is as in Proposition 5.1. The associator multiplicative formulas immediately imply:
Corollary 5.2. Let A be a subloop of P generated by all associators [α, β, γ] such that z ∈ {α, β, γ}. Then A is a boolean group that is contained in Z(P ).
Proof. Only the last equality requires a proof. We have We assume z 2 ∈ N (P ), and so 
We thus have homomorphisms [z, −, z], [−, u, z] and [u, −, z] that map Q into A, where u runs through Q. Since A is a boolean group, Q is a boolean group modulo the kernel of each homomorphism. Therefore it is boolean modulo the intersection of all kernels, and this intersection gives a subloop S ≥ N (P ) ∩ Q ≥ N (Q) that is required by our statement. Points (iv) and (v) thus follow from the earlier computations and from the latter fact. P Lemma 5.5. The following equalities hold for all u, v ∈ Q:
and zu · zv = duvϕ(v)q(u)g(v, u).
Proof. Indeed, one can compute easily that
, and
P
Our aim now is to show that the properties of the above loop P can be used for a construction based on Q, d and q.
Suppose that Q is a loop with normal subloops A and S. Suppose that d is an element of N (Q), and that q : Q → A a mapping. Put ϕ(u) = [d, u] for all u ∈ Q, and g(u, v) = q(vu)q(u)q(v) for all u, v ∈ Q. Assume that (1) both A and Q/S are boolean groups, and A ≤ S ∩ Z(Q); (2) q(ua) = q(u) for all u ∈ Q and a ∈ A; (3) g(u, vw) = g(u, v)g(u, w) and g(vw, u) = g(v, u)g(w, u) for all u, v, w ∈ Q; (4) g(us, vt) = g(u, v) for all u, v ∈ Q and s, t ∈ S; (5) ϕ(uv) = ϕ(u)ϕ(v) for all u, v ∈ Q; (6) ϕ(us) = ϕ(u) for all u ∈ Q and s ∈ S; and
The notation Q[d, q, z] does not carry an identification of subloops A and S. This is not needed, indeed, since A can be replaced by the (central boolean) subgroup generated by all q(u), and S can be replaced by the set of all x ∈ Q such that g(u, x) = g(x, u) = 1 for all x ∈ Q.
The following three lemmas are stated under the assumption that P and Q are as in the above construction.
Lemma 5.6. Each element of A belongs to Z(P ).
Proof. Consider u, v ∈ Q and a ∈ A. Then (u * v) * a = uva = u * (v * a), zu * a = zua, zu * (v * a) = z · uvag(u, va) = z · uvg(u, v)a = (zu * v) * a, u * (zv * a) = z · uvaq(u)g(u, va)g(va, u) = z · uvq(u)g(u, v)g(v, u)a = (u * zv) * a and zu * (zv * a) = duvaϕ(va)q(u)g(va, u) = duvϕ(v)q(u)g(v, u)a = (zu * zv) * a, which means that a belongs to the right nucleus. Clearly, zu * a = zua = a * zu, and so it remains to show that a also belongs to the left nucleus. This follows from a * (zu * v) = z · uvg(u, v)a = z · uavg(ua, v) = zua * v = (a * zu) * v, a * (u * zv) = (u * zv) * a = ua * zv = (a * u) * zv and a * (zu * zv) = (zu * zv) * a = zua * zv = (a * zu) * zv. P Lemma 5.7. Let u, v and w be elements of Q. Then
Proof.
Our goal is to compute [α, β, γ], where α ∈ {u, zu}, β ∈ {v, zv} and γ ∈ {w, zw}. By using the definition of * we shall in every case first express (α * β) * γ as z ε d η (uv · w)a(α, β, γ), where ε, η ∈ {0, 1} and a = a(α, β, γ) ∈ A. Then we express α * (β * γ) as In case (i) we get (zu * v) * w = z(uv · w)g(u, v)g(uv, w) (since g(uvg(u, v), w) = g(uv, w)) and zu * (v * w) = z(u · vw)g(u, vw). We have to verify that the product g(u, v)g(uv, w)g(u, vw)g(v, w) vanishes, and that clearly follows from the equality g(uv, w)g(u, vw) = g(u, w)g(v, w)g(u, v)g(u, w) = g(v, w)g(u, v).
To get (ii) compute (u * zv) * w = z(uv·w)q(u)g(u, v)g(v, u)g(uv, w), u * (zv * w) = z · (u · vw)g(v, w)q(u)g(u, vw)g(vw, u) and
Finally, (zu * zv) * zw = zd(uv · w)q(uv)g(uv, w)g(w, uv)ϕ(v)q(u)g(v, u), zu * (zv * zw) = zd(u · vw)ϕ(u)ϕ(w)q(v)g(w, v)g(u, vw) and
This follows directly from Lemma 5.7, by inspecting all possible situations that are described by points (i)-(vi). Hence N (Q) ∩ S ≤ N (P ( * )). From Lemma 5.7 we also see that A(P ( * )) ≤ N (Q) ∩ S. For the rest of the proof it suffices to find a commutative group G( * ) and a homomorphism f : P ( * ) → G( * ) such that N (Q)∩S is equal to the kernel of f . PutQ = Q/(S ∩ N (Q)). ThenQ is a commutative group, as both Q/S and Q/N (Q) are assumed to be commutative groups. Define now a loop G( * ) on G = Q ∪ zQ by zū * v = z ·ūv,ū * zv = z ·ūv and zū * zv =dūv. The operation * is clearly commutative. To see that it is associative one can use Lemma 5.6, withq andφ trivial, whereĀ = 1 andS = S/(S ∩ N (Q)). The mapping f is now defined by f (u) =ū and f (zu) = zū. It is clear that this is a homomorphism P ( * ) → G( * ) and that N (Q) ∩ S is its kernel. P Lemma 5.9. Suppose that Q is a Buchsteiner loop such that q([u, v, w]) = 1 for all u, v, w ∈ Q. Then P is a Buchsteiner loop as well.
The conditions of Lemma 5.8 are satisfied and hence we know that A(P ( * )) ≤ N (P ( * )) ¢ P ( * ). Therefore we only need to prove that [α, Proof. Use Lemmas 5.6, 5.8 and 5.9.
Proposition 5.11. Let P be a Buchsteiner loop that contains a normal subloop Q, |P : Q| = 2, and an element z ∈ P \ Q such that d = z 2 ∈ N (P ), and
Proof. This is just another expression of Lemma 5.5. P
Proper Buchsteiner loops of order 32
We shall first show that such loops really exist, by applying the doubling construction of Section 5 to the group Q = G × A, where G is a group of quaternions and A is a two-element group. The (only) natural choice for S is the subgroup G ′ × A. The mapping q : Q → A has to depend only upon the elements of G (by condition (2)), and so we shall be looking for a mapping q :
If q is such a mapping, then we can always set d = 1, and that gives a a Buchsteiner loop P , by Proposition 5.10. However, the loop P might be conjugacy closed. To avoid this case we need to make sure that g(−, −) is not symmetric (see Proposition 5.10 again).
Lemma 6.1. Let G be a group of quaternions generated by elements x, y and z such that xy = z, yz = x and zx = y. Let s = x 2 = y 2 = z 2 be the only nontrivial square of G. Define q : G → {0, 1} in such a way that q(u) = 1 if and only if u ∈ {s, x, y, z}. Then G/G ′ is a vector space over {0, 1}, and the mapping
Proof. We see that q(us) = q(s) + q(u) for all u ∈ G. The element s is central and so g(u, v) clearly does not change if u is replaced by us or v by vs. If u and v generate G, then s = [u, v], and g(u, v) = g(v, u) + 1. For the proof it therefore suffices to show that g(u, vw) = g(u, v) + g(u, w), where u, v, w ∈ {x, y, z} and vw ∈ {s, x, y, z}. The case v = w is clear, and so v = w can be assumed. We can also assume u = x because Aut(G) acts transitively upon {x, y, z}. Now g(x, xy) = g(x, z) = q(zx) = 1 = g(x, x) = g(x, x) + g(x, y), g(x, zx) = 0 = g(x, x) + g(x, z), and g(x, yz) = g(x, x) = 1 = g(x, z) = g(x, y) + g(x, z). P Corollary 6.2. There exists a proper Buchsteiner loop of order 32.
∈ Q, and q(ua) = 1, where u ∈ G and a ∈ A, if and only if u ∈ {1, x −1 , y −1 , yx}, for some generators x and y of G. P Theorem 6.3. Let P be a proper Buchsteiner loop of order 32. Then 1 < A(P ) < N (P ) < Z 2 (P ), |Z 2 (P )| = 8, A(P ) = Z(P ) and there exists a unique power associative conjugacy closed subloop Q of index two such that QZ 2 (P ) = P and Q ∩ Z 2 (P ) = N (P ) = Z(Q). The group Q/A(P ) is noncommutative.
Proof. Set A = A(P ) and N = N (P ). We have A = P , |A| = 2 and |N | = 4, by Proposition 4.8. Set also C = Z 2 (P ). The subloop C consists of all elements that are central modulo A. Group H = P/A is nonabelian, and group P/N is elementary abelian of order 8, again by Proposition 4.8. The group H thus contains a two-element subgroup modulo which it is a vector space of dimension 3, and the square mapping induces a quadratic form of the vector space into this subgroup. Consider the action of H = P/A upon N , n → x\(nx). This action has to be nontrivial since A = Z, and |N : A| = 2. However, each element of H acts trivially upon A, and so the image of the action contains exactly two permutations (the identity and the transposition of elements of N \ A). The kernel of this action is hence a subgroup of H that is of index two. The preimage of the kernel in H is a subloop Q, and this subloop satisfies Z(Q) ≥ N . Note that P contains exactly one such subloop of index two since each element of Q acts trivially upon N .
We shall be now establishing the properties of Q. It is clear that Q is conjugacy closed, by Proposition 4.8. Choose x, y, z ∈ P so that they form a basis modulo N , and z ∈ C. From Corollary 2.5 we see that these elements generate Q. 
Abelian inner mappings groups
We start by applying well known facts about inner mappings to Buchsteiner loops. 
for all u, v, z ∈ Q. 
Proof. If Inn
is a condition that expresses the commutativity of the above mappings.
, for all x, y ∈ Q. From Lemma 4.1 we hence get the general equality v, u] , and the rest is clear. P
For a loop Q one can define Q ′ in a similar way as in groups, i.e. as the least normal subloop S such that Q/S is an abelian group. If N (Q) ¢ Q and Q/N (Q) is abelian, then clearly Q ′ ≤ N (Q). This is so in every Buchsteiner loop Q, and hence Q ′ has to be always a group in such loops. 
We also have [z, Let Q be a Buchsteiner loop. Then Q/A(Q) acts upon N (Q), and so also upon Q ′ . If Q ′ is abelian, then we get an action of Q/Q ′ upon Q ′ , and so we get an action of an abelian group upon an abelian group. We shall use this fact freely in the following lemma, understanding that T −1
x means in fact the action of xQ ′ upon [u, v] , and so
Lemma 7.5. Let Q be a Buchsteiner loop with A(Q) ≤ Z(Q) and Q ′ abelian that is generated by a set X.
x holds for all x, y, z ∈ X, then it holds for all x, y, z ∈ Q.
Proof.
Let us have y = y 1 y 2 , where y 1 , y 2 ∈ Q. We can express [z, 
x , and
(Note that we have been using the commutativity of Q ′ when expressing the condition b = 1). If two of conditions a = b y2 , a = 1 and b = 1 are true, then the third one is true as well. From that we see that if [z,
The equality takes place if and only if a z2 = b, where
The rest is clear. P
Construction of a Buchsteiner loop of order 128
The purpose of this section is to show that there exist proper Buchsteiner loops with Inn Q abelian. Such loops cannot be of nilpotency class two, since then they would be conjugacy closed, by Corollary 4.4.
We shall be constructing a loop Q with where the factor system (2-cocycle) θ : B × B → N is defined in such a way that θ(u, 1) = 0 = θ(1, u) for all u ∈ B.
For loops defined in this way (with both B and N abelian) one can easily compute the associator
which means that 1 × B is always contained in the nucleus (and thus also in the commutant).
Assume that B is generated by e i , 1 ≤ i ≤ 3, and that N is generated by h, an element of order four, and by a subgroup {0, c 1 , c 2 , c 3 } that is isomorphic to C 2 × C 2 . We shall write 2h sometimes as d, and so
Define a (multiplicative) action of B upon N by 
where α i , β i ∈ {0, 1}, and the indices are computed modulo three. Furthermore,
again for all α i , β i ∈ {0, 1} (the indices are computed modulo three, and the expression is computed modulo two). The mapping η is defined so that η(e i , e i ) = c i , η(e i , e i+1 ) = 0 and η(e i , e i−1 ) = h + c i+1 .
Proof. We have
P Lemma 8.1 seems to suggest that h(uv, w) = h(u, w) + h(v, w) and h(w, uv) = h(w, u) + h(w, v), for all u, v, w ∈ B. However, none of these two equalities holds in general. The reason is that B is of exponent two and η(e i , e i−1 ) is an element of order four. Nevertheless, it is not difficult to compute the correction terms. For that we shall use ⊕ as the addition modulo 2 upon {0, 1}. Note that for α, β ∈ {0, 1} we always have α ⊕ β = α + β − 2αβ, where the addition on the right hand side is that of integers. To be able to utilize Lemma 8.2 in the computation of the associator we need to be able to express the difference of wη(u, v) and η(uv). This is the content of the next lemma. Proof. First note that the formula for wx − x is defined correctly. Indeed, set ρ ′ i = ρ i + ρ 3 for i ∈ {1, 2} and set ρ . The mapping x → γ i (λ+ρ i−1 +ρ i+1 )d thus yields an endomorphism of the abelian group N . The mapping x → wx − x is also such an endomorphism, and hence it suffices to verify that both endomorphisms agree for x = h and x = c j . Howewer, that comes immediately from the definition of the action of B upon N .
We have to apply the endomorphism to x = η(u, v), which means that λ = α i β i−1 and ρ j = α j β j + α j−1 β j+1 . Each γ j d is hence multiplied by α j β j−1 + α j−1 β j+1 + α j+1 β j + α j−1 β j−1 + α j+1 β j + α j+1 β j+1 + α j β j−1 , and that is equal modulo 2 to α j−1 β j+1 + α j−1 β j−1 + α j+1 β j+1 , for all j ∈ {1, 2, 3}. P Furthermore, [e i e i+1 , e i−1 e i ] = η(e i e i+1 , e i e i−1 )−η(e i e i−1 , e i e i+1 ) = (d+c i +c i+1 + c i−1 ) − h = h. It is hence clear that Q ′ is equal to N (Q) = 1 × N . To see that Z(Q/Z(Q)) = N (Q)/Z(Q) it remains to verify that (e 1 e 2 e 2 , 0) does not commute with all elements of Q modulo Z(Q). However, θ(e 1 , e 1 e 2 e 3 ) − θ(e 1 e 2 e 2 , e 1 ) = (h + 
